Strategy for Integration

As we have seen, integration is more challenging than differentiation. In finding the deriv-
ative of a function it is obvious which differentiation formula we should apply. But it may
not be obvious which technique we should use to integrate a given function.

Until now individual techniques have been applied in each section. For instance, we
usually used substitution in Exercises 5.5, integration by parts in Exercises 5.6, and partial
fractions in Exercises 5.7 and Appendix G. But in this section we present a collection of
miscellaneous integrals in random order and the main challenge is to recognize which
technique or formula to use. No hard and fast rules can be given as to which method
applies in a given situation, but we give some advice on strategy that you may find useful.

A prerequisite for strategy selection is a knowledge of the basic integration formulas.
In the following table we have collected the integrals from our previous list together with
several additional formulas that we have learned in this chapter. Most of them should be
memorized. It is useful to know them all, but the ones marked with an asterisk need not be
memorized since they are easily derived. Formula 19 can be avoided by using partial frac-
tions, and trigonometric substitutions can be used in place of Formula 20.

Table of Integration Formulas Constants of integration have been omitted.
I.Jx”dx=nx:_ﬂl (n# —1) 2.j%dx=ln|x|
3. Je‘”dx =e" 4. ja*dx = lea
5.fsinxdx=—cosx 6.fcosxdx=sinx
1. Jseczx dx = tan x 8. Jcsczx dx = —cot x
9. jSGCXtande:SGCX 10. fcscxcotxdx=—cscx
11. jsecxdx= In|secx + tanx| 12 jcscxdx= In|csc x — cot x
l3.jtanxdx=1n|secx| l4.jcotxdx=1n|sinx|
15. Jsinhxdx = cosh x 16. Jcoshxdx = sinh x
17. j%= ltan_l<£> 18. jd—x= sin‘1<£)
x“+a a a \/m a
*lq.sz‘ix[f:zianilz *2o.j%=ln|x+m|
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Once you are armed with these basic integration formulas, if you don’t immediately see
how to attack a given integral, you might try the following four-step strategy.

1. Simplify the Integrand if Possible Sometimes the use of algebraic manipulation or
trigonometric identities will simplify the integrand and make the method of integration
obvious. Here are some examples:

j\/}(l +\/;c)dx=f(\/;c+x)dx

tan 6 sin 0
do = 0do
f sec’6 f cos 0

= f sin 6 cos 0dO = %f sin 20 d6
f (sin x + cos x)*dx = f (sin’x + 2 sin x cos x + cos’x) dx

=j(l + 2 sin x cos x) dx

2. Look for an Obvious Substitution Try to find some function u = g(x) in the inte-
grand whose differential du = g'(x) dx also occurs, apart from a constant factor.
For instance, in the integral

sz—x_ldx

we notice that if u = x> — 1, then du = 2x dx. Therefore, we use the substitu-
tion u = x* — 1 instead of the method of partial fractions.

3. Classify the Integrand According to Its Form If Steps 1 and 2 have not led to the

solution, then we take a look at the form of the integrand f(x).

(a) Trigonometric functions. If f(x) is a product of powers of sin x and cos x,
of tan x and sec x, or of cot x and csc x, then we use the substitutions recom-
mended in Section 5.7 and Additional Topics: Trigonometric Integrals.

(b) Rational functions. 1If f is a rational function, we use the procedure involving
partial fractions in Section 5.7 and Appendix G.

(¢) Integration by parts. 1f f(x) is a product of a power of x (or a polynomial)
and a transcendental function (such as a trigonometric, exponential, or loga-
rithmic function), then we try integration by parts, choosing u and dv accord-
ing to the advice given in Section 5.6. If you look at the functions in Exer-
cises 5.6, you will see that most of them are the type just described.

(d) Radicals. Particular kinds of substitutions are recommended when certain
radicals appear.

(1) If vV*x? = a? occurs, we use a trigonometric substitution according to the
table in Additional Topics: Trigonometric Substitution.

(i) If /ax + b occurs, we use the rationalizing substitution u = +/ax + b.
More generally, this sometimes works for m

4. Try Again If the first three steps have not produced the answer, remember that

there are basically only two methods of integration: substitution and parts.

(a) Try substitution. Even if no substitution is obvious (Step 2), some inspiration
or ingenuity (or even desperation) may suggest an appropriate substitution.

(b) Try parts. Although integration by parts is used most of the time on products
of the form described in Step 3(c), it is sometimes effective on single func-
tions. Looking at Section 5.6, we see that it works on tan'x, sin~'x, and In x,
and these are all inverse functions.

(c) Manipulate the integrand. Algebraic manipulations (perhaps rationalizing the
denominator or using trigonometric identities) may be useful in transforming
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the integral into an easier form. These manipulations may be more substantial
than in Step 1 and may involve some ingenuity. Here is an example:

1 + cosx fl—i-cosx

fl—cosx:jl—cosx.l-kcosx 1 — cos’x

1 + cos x ) cos
—f dx = cscx + dx
sin’x sin’x

(d) Relate the problem to previous problems. When you have built up some expe-
rience in integration, you may be able to use a method on a given integral that
is similar to a method you have already used on a previous integral. Or you
may even be able to express the given integral in terms of a previous one. For
instance, f tan’x sec x dx is a challenging integral, but if we make use of the
identity tan*x = sec’x — 1, we can write

f tan’x sec x dx = f sec’x dx — j sec x dx

and if j sec’x dx has previously been evaluated (see Example 8 in Additional
Topics: Trigonometric Integrals), then that calculation can be used in the pre-
sent problem.

(e) Use several methods. Sometimes two or three methods are required to evalu-
ate an integral. The evaluation could involve several successive substitutions
of different types, or it might combine integration by parts with one or more
substitutions.

In the following examples we indicate a method of attack but do not fully work out the
integral.

anx

EXAMPLE 1 j dx

CoS )C

In Step 1 we rewrite the integral:

3

tan"x

j —dx = f tan’x sec’x dx
cos’x

The integral is now of the form J tan”x sec”x dx with m odd, so we can use the advice in

Additional Topics: Trigonometric Integrals.
Alternatively, if in Step 1 we had written

j tan’x 4 f sin’x J sin’x
= —
cos’x cos’x cos x cos x

then we could have continued as follows with the substitution u = cos x:

1_
sinxdx=f u (—du)
ut

» sin’x 1 — cos’x
oo = | o
cos®x

—j du—f(u"‘—uG)du

EXAMPLE 2 j eV dx

According to Step 3(d)(ii) we substitute u = V/x. Then x = u?, 0 dx = 2u du and

f eVdx = ZJ ue" du
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The integrand is now a product of u and the transcendental function e” so it can be inte-
grated by parts. mm

x>+ 1
EXAMPLE 3 j—3 o
X — 33X — X

No algebraic simplification or substitution is obvious, so Steps 1 and 2 don’t apply here.
The integrand is a rational function so we apply the procedure of Appendix G, remem-
bering that the first step is to divide. [} ]

EXAMPLE 4 j _dx
x+/In x

Here Step 2 is all that is needed. We substitute # = In x because its differential is
du = dx/x, which occurs in the integral. | B

1 —x
EXAMPLE 5 j A/ dx
1 +x

Although the rationalizing substitution

1 —x
1+x

works here [Step 3(d)(ii)], it leads to a very complicated rational function. An easier
method is to do some algebraic manipulation [either as Step 1 or as Step 4(c)]. Multiply-
ing numerator and denominator by 4/1 — x, we have

1 —x 1 —x

j 1+xdx:f\/l—x2dx

=f ! dx—j al dx
V1 — x? V1 —x?
=sin'x +J1 —x2+C Em

:: Can We Integrate All Continuous Functions?

The question arises: Will our strategy for integration enable us to find the integral of every
continuous function? For example, can we use it to evaluate J e dx? The answer is no, at
least not in terms of the functions that we are familiar with.

The functions that we have been dealing with in this book are called elementary func-
tions. These are the polynomials, rational functions, power functions (x“), exponential
functions (a*), logarithmic functions, trigonometric and inverse trigonometric functions,
hyperbolic and inverse hyperbolic functions, and all functions that can be obtained from
these by the five operations of addition, subtraction, multiplication, division, and compo-
sition. For instance, the function

x2—1

X+ 2x— 1

sin 2x

f) =

+ In(cosh x) — xe

is an elementary function.

If f is an elementary function, then f' is an elementary function but J f(x) dx need not
be an elementary function. Consider f(x) = e*. Since f is continuous, its integral exists,
and if we define the function F by

F(x) = fo" e dr
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then we know from Part 1 of the Fundamental Theorem of Calculus that
F'(x) = e

Thus, f(x) = ¢* has an antiderivative F, but it has been proved that F is not an elemen-
tary functlon This means that no matter how hard we try, we will never succeed in evalu-
ating J e dx i in terms of the functions we know. (In Chapter 8, however, we will see how
to express J e* dx as an infinite series. ) The same can be said of the following integrals:

j%xdx f sin(x?) dx f cos(e®) dx

Va3 + 1dx —dx sin x dx
J [ J

X

In fact, the majority of elementary functions don’t have elementary antiderivatives. You
may be assured, though, that the integrals in the following exercises are all elementary
functions.

[A] Click here for answers.

1-80 m Evaluate the integral.

sin x + sec x
foinx tseer
tan x

2 2t
o (t —3)?

arctan y

e
5. Lll_*_yzdy

7. J‘: r*1nrdr

dt

N x—1
9. [——cd
o™

11. fsin"e cos’0 do

e

1/2
15. f( ﬁ—xz

17. J‘xsin2x dx
19. J e dx
21. fﬁe’z’dz
1
23. L (1 + x)Pdx
3x2 -2

25. J mdx

[5] Click here for solutions. 27. f cot x In(sin x) dx 28. f sin «/at dt
s 3w — 1
29.J5 2 dw 30. fz |x* — 4x| dx
0w+ 2 -2

2. [ tan*0 d

4.

J’

1 +x rV/2x — 1
L I 2. [

V3 = x*
6. j‘x cscx cotx dx 3. f V3 = 2x — xtdx 34. L dx

2 1 + 4cotx
/4 4 — cotx

-1
42x7dx 35. fl x%sin x dx 36. f sin 4x cos 3x dx
0x"—4x—5 -1
7)( d (/4 w/4
e 3. [ cos6 wn*0 do 38. " tan’6 sec'9do

|

12. f sin x cos(cos x) dx N X 1
39. d 8. | ————=d
Jl—xz-i—\/l—xzx f\/4y2—4y—3y
1 [ V1 +Inx
.| ——dx
o xlnx 41. f@tanzade 42. fxztan"x dx
rv2/2 x2
N el ,
43, fe*\/l + e*dx 44, J V14 etdx
18. o dt
1+e 1+ e*
. 45, fxse’xsdx 46. f —dx
20. fe“ dx I—e
o[22y 48 * 4
22.fxsin7'xdx 'fxz-i-az * °fx4—a4 o
u. (iG> - 1)d 29, fil dx 50. jil dx
=) * x/4x + 1 xX2Jax + 1
3x2 -2 r 1 dx
2. | ——d 51. | ———d 5. | ——
jx3—2x—8 . Jx\/4x2+l o fx(x“-l—l)
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53.

55

57.

59.

6l.

63.

65.

67.

~N
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fxz sinh mx dx

1
'fx+4+4«/x+1dx

fx{/mdx

J‘ﬁdx

- e

4
fxm):- 16 dx
f Vxe¥® dx

1
fﬁdx
J*z arctan\/

54.

60.

62.

64.

66.

68.

f (x + sin x)*dx

58.

Vxr—1

fxz In(1 + x) dx

In
xxdx

1
fmdx

J

TR

=3 In(tan x)
[ ot ),
w/4 Sin x cos x

I;
i

ud+ 1
e du
v
1 +2e"—¢e "

dx

69.

7.

79.

81.

dx
+4x +3

sin x sin 2x sin 3x dx

X sin’x cos x dx

I 75
e
et
|
s
f

The functions y = e*

f@x* + l)e"zdx.

and y = x%e”
antiderivatives, but y = (2x?

o. [t

72.

74.

Sec x cos 2x
78. | ——

sin x + sec x

sin x cos x

J
J
6. | (> = bv) sin 2x dx
J
I

—————dx
sin*x + cos*x

don t have elementary

+ 1)e* * does. Evaluate
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[s] Click here for solutions.

1. sinx + In|cscx — cotx| + C

3.4-m9 5. ™t — e

7.2m3 -2 9. iln(x*—4x+5) +tan'(x—2) +C
11. § cos’d — £ cos’0 + C (or ;sin*6 — 3sin® + § sing + C)
13. x/erc 15.1-1.3

17. 4x — ixsinx cos x + jsin’x + C

(or X —;xsm2x—gcos2x+C)

19. ¢+ C 2. — 2@ + 612+ 61+ 3) + C
23. %7 25.3x+3In|x—4|-3In|x+2[+C
27. Y(nsinx>+C  29. 15 + 71n?
3l.sin'x— 1 —x2+C

33. 2sin ((x + 1)/2) + ((x + 1)/2)y/3 —2x —x2+ C

35.0 37.7/8—1% 39 —In(1+J1—x2)+C
41. 9tan 0 — 50 — Infsec | + C  43. 3(1 + ">+ C

45.
47.

49.

53.
55.
57.
59. ¢

—1(x + l)ef’63 +C

In+/x2 + a? + tan"'(x/a) + C

NTEE NEER
lnx7+c 5].—lnx7+c
Vax + 1+ 1 2x
(1/m)x* cosh(mx) — (2/m?)x sinh(mx) + (2/m?) cosh(mx) + C
3n(yx+1+3)—In(yx+1+1)+C

2x+ )P =dex+ )P+ C
+ %ln|(e” - Dfe"+1)|+C

61. 5 tan '(3x°) + € 63. 2(x — 2yx +2)e¥" + C

65. 2[(x + 1) — ]+ C

67. 237 — 17— In2 69. ¢* —In(1 +e*) + C

7. —iln(x>+3) + {In(x>+ 1) + C

73. §In|x — 2| — 5 In(x® + 4) — ytan '(x/2) + C

75. 5 cos 6x — 1= cos 4x — 3 cos 2x + C 77. 3tan '(x¥?) + C
79. lxsin’x + Lcosx — Scos™x + € 8l xe* + C
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Solutions: Strategy for Integration

1. /wd$:/<w+w> dm:/(cosm+cscm)dm:sinm+ln|cscm—cotm\—|—0

tanx tanx tanx

2 -1 -t B
3_/ 2 zdt:/ —2("33)@ [u=t—3,du=dt] :/ (3+%)du: {2lnIUI—§}
o (t=3) -3 u -8\ e

=(2In1+46)—(2In3+2)=4—-2In30r4 —1n9

d 1 _arctany /4 ” 3
5. Let u = arctany. Then du = Y = / e7dy:/ e du =[], ="/t —e /1,

I+ LI YT e
3 u=1Inr, dv=rdr 3 3 3
K > 1 1 243 1
1. rinrdr 1 = |=r® lnr} - / rtdr=2"In3-0— |:—T5:|
/1 du:% v:grE’ [5 ) 5 25 |,

_ 243 /243 1\ _ 243 242
=5 In3 (25 25)* In3 — 53

=1 ‘(-2 41 Y u 1
9. | ———dx = = =x—2 =
/x2_4x+5dm /(m_2)2+1dm /(u2+1+u2+1)du [u=2x—2,du=dx]

%ln(u2 + 1) +tantu+C = %ln(ar:2 — 4m—|—5) +tan Yz —2)+C
11. [sin® 6 cos® 0dO = [ cos® Osin® fsinfdf = — [ cos® O (1 — cos® H)(—sin ) do
= 0
(] u = cosb,
Jw (1= ) du du = —sinf df

= [(u" —u’)du = %us— %uG—&—C’: %cosse— %003604—0
Another solution:
[sin® @ cos® 0df = [ sin® 0 (cos® ) cos#df = [ sin® O (1 — sin® 0)? cos 0 df

= [v*(1—u?)’du [dzizloréz’w} = [v*(1—2u® +u")du
= [’ —2u° +u")du=2u* —2u® + 1u® + C = 1sin? 0 — Lsin®6 + Lsin®0+C
13. Let x = sin 0, where —% < 6§ < Z. Then dx = cos 6 df and
(1— 2?2 = cosb, so 1 .
[ = [ ey = [0 7
—tanf+C = ——— +C I—x?

V1 —x2

15. Letu=1—22 = du= —2xdz. Then

1/2 z 1 3/4 1 1 1 1 1
——drx = —= = u_1/2du=l[2u1/2} = Vu —1-
/o e 2 /. \/— 2/3/4 2 3/4 [\/_}3/4 2
17f 2 zd u =z, dv = sin® z dz,
. | xsin® z dx
du = dz v=fsin2mdm:f%(1—c052x)dm: %m—%smmcosm

= %fo%xsinxcosxff(%xf %sinxcosx) dx

:%aﬂf%xsmxcosxfzx +—sm z+C = 1x27—xsmxcosx+4sin2m+0

Note: [sinzcoszdr = [sds = 53 +C [where s =sinz, ds = cosz dz].
A slightly different method is to write [ zsin’zdz = [@- (1 —cos2z)dz = 1 [@dz — 3 [z cos2zdz. If we

evaluate the second integral by parts, we arrive at the equivalent answer 7 m — —a: sin2x — 3 cos 2z + C.
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19. Let u = €. Then fe“'ez dr = feezex dr=[edu=e"+C = e +C.
21. Integrate by parts three times, first with v = 3, dv = e ™2 dt:
[tPe 2 dt=—L1tPe™ + 1 [3t%e 2 dt = — Lt — 34272 1 L [3te 2t dt
=—e P[L% 4+ 347 - te*”Jrg/e*”dt: —e P+ 2+ 2]+ O
=—1e (4’ + 6t + 6t +3) + C
23. Letu=1++/z. Thenz = (u— 1)}, dz =2(u—1)du =

fol (14 vz)® dz = us 2(u — l)du:2f12 (u® —u®) du = [$u'® ,2.%u9]i

Sin it it S Rl
5 B2 g, G2 g A B 99 Aw+2)+ Bla—4). Settin
Tx2 -2 -8 (z—4)(z+2) r—4 x+2 B ' &

x = 4 gives 46 = 64, s0 A = 2. Setting z = —2 gives 10 = —6B, 50 B = —2. Now

322 — 2 23/3 5/3 23 5
_ _ T = + =1 — 4] — =1 +2|+C.
/ 5 de—/(?)—l-x 5 dr=3z+ % In|z | —3In|z |+C

21. Letu = In(sinz). Thendu = cotzdz = [cotzln(sinz)dr = [udu = iu® +C = i[In(sinz)]* + C.

53w—1 5 7 5
29./0 w+2dw—/0 (3—m>dw_[3w—7ln\w+2\]o

=15—7In7+7In2=15+7(In2—1In7) =15+ 7ln 2

31. As in Example 5,

/ 1—1—93 Vi+z \/1+xdx* 1+ dx*/ dz n rdr
\/1—x m Vit V1I—22? Vi—z? VI—a2?
=sin 'z —1-22+C

Another method: Substitute u = /(1 + z)/(1 — z).

B.3-2r—a?=—(2>+22+1)+4=4—(z+1)2 Let
z +1=2sin6, where —% < 0 < 7. Then dx = 2 cos 6 df) and 2
JV3—2z—22dz = [ 47(m+1)2dx:fm20059d6‘

=4 [cos?0df =2 [(1+ cos20)dd
=20 +sin20 + C =26 + 2sinfcosf + C

1 1 — 2z — x2
:251n71<%)+2.$—2’— V3 Qm 22

x+1

V4= (x+ 1)
=3 —2x—x?

:2sin_1<xT+1) +x;r1\/3—2$—$2+0

35. Because f(x) = 2® sin x is the product of an even function and an odd function, it is odd. Therefore,

[} a®sinzdz =0 [by (5.5.7)(b)].

9
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39.

a.

43.

45,

47.

49,

51.

53.

T cos® Btan? 0d6 = [T sin?9df = [

; 1(1—cos20)df = [16 — Lsin26]7""
=(F-1)-0- 0) 5

Letu =1— 2% Thendu = —2zdz =

x dx 1 v dv 2
e = =", du=2vd
/17$2+ A2 Q/u—&—\/_ 2o [v = vu,u=1v", du=2vdv]
:—/Uc_li)l:—ln|v+l|+C’:—ln(\/l—m2+l)+C’

Letu:Q,dv:tan29d9:(secQQ—l)dQ = du=dfandv =tanf — 6. So
[Otan®0do =0(tan® — 0) — [(tanf — 0) dO = Otan6 — 6° — In|secd| + 26° + C
:Htanﬁf%GQfln\secﬁ|+C
Letu = 1+ €%, so that du = e® dz. Then
JerVIterdr = [u/?du=2u*?+C=2(1+¢€")*?+C.
Or: Letu = /T + €%, so that u? = 1 + ¢® and 2udu = €® dz. Then
[e*VIterdr = [u-2udu= [2u’du=2u’+C = 2(1+¢€")*? +C.
Lett = z°. Thendt =32°dx = I= [2°e —% = % [te”" dt. Now integrate by parts with u = t,

dv=etdt: I = —%te_t + % fe_t dt = —%te_t — %e_t +C = —%e_zg (wg + l) +C.

r+a 1 2x dx dx 1 5 9 1 i
/x2+a2d$:§/:U2—|—a2+a/:n2——|—a2:§ln(x +a)+a-gtan (E)'i‘c
=1In+v22 +a? +tan"'(xz/a) + C
Letu=+vVAz+1 = u’=4z+1 = 2udu=4dr = dl‘:%udu.So

1 Ltudu du
- dr= 2 =2 =2(3)1
/x\/4$+1 v /%(uz—l)u /u2—1 (2) n

_ln‘\/4$+1—1
O\ VAr+ 141

u—1

1 ‘ + C [by Formula 19]

4o

Let2z =tanf = x= %tan@, dr = %secQGdG, V4z?2 +1 = sec, so

5 Sec 0do /sec@ /
de = 6do
/m\/4m2 /ltanesece tan 6 e8¢ .
Jaxt+1
= —In|csch + cot 0] + C [or In|csc @ — cot O] + C1] ) 2x
) (A2
—flniém JrlJri +C orlnizm +17i+0 4
2z 2z 2z 2z 1

= x2 dv = sinh(mz) dz,
/xZ sinh(mz)dz = %952 cosh(mz) — %/xcosh(mm) dx [ =z, (ma) ]

du=2xdr y= 2L cosh(mz)

1 2 2 1 . 1 .
= — h - = h - — h
z*“ cosh(mz) p” < z sinh(mx) [ sinh(mz) dm)

U=z, dV =cosh(mz)dz,
dU =dzr Vv = Lsinh(mz)

1, 2 . 2
= cosh(mz) — Tt sinh(mz) + pooe cosh(mz) + C
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55. Letu = v/z + 1. Thenz =u?> -1 =

d 2udu -1
/x+4+4\/m: u2+3+4u:/{u+1+u+3}du
=3Infu+3|—Inju+1/+C=3n(vVz+1+3)—In(vz+1+1)+C
5. Letu= ¢/z+c. Thenz=u —¢c =
Jz \/x_—&—cd:c—f(u —c)u 3u? du—3f(u —cug)du=§u7—4cu +C
= 3w+ 07~ e+ 9"+ C

59. Letu = e”. Thenz = Inw, dz = du/u =

/ de [ du/u _/ du _/ 2 1 1/2 du
e3* —er | wd—u ) (u—Du2(u+1) u—1 w? u+1l

e’ —1
e* +1

_l+l]n
w2

u—1
u+1

‘+C:efz+%ln

4o

61. Let u = z°. Then du = 5z*dz =

4 14
/ z” dx :/ 5 4 :l~itan71(iu)+0:%tanfl(ix5)+0.

210 4+ 16 u2+16 5

63. Let y = 4/ so that dy = dr = dx=2+/xdy=2ydy. Then

1
2z
=2y°, dv=-eYdy,
/\/Eeﬁdw:/yey(2ydy)=/2y26ydy {du v v=e y}

u=4ydy v=¢eY

U=4y, dV =eYdy,
— 2%eY — Y
=2y°e /4ye dy [dU:4dy V= eV }

=2y%e¥ — (dye¥ — [ 4e¥ dy) = 2y°e? — dye? + 4e¥ + C
=22 —2y+2)eV+C =2 —-2/7+2)eV* +C

o | = (e TR e v e

- %[(az +1)%¥2 x3/2] +C

67. Letu = v/t. Then du = dt/(2Vt) =

arctan\/_ V3
1 \/_ 1
2[(\/§tan_1 3— %ln4) — (tan_ll — %ln?)]
2[(V3-Z2-In2)— (£ -1n2)] =2V3r—ir—n2

69. Letu = e”. Thenz = Inw, dz = du/u =

e uw? du u 1
dx = — = du = 1-— d
/1+€Z v /1+uu /1+u v /( 1+u) v

=u—In|l+u/+C=€"-In(l+€")+C

tan 'u (2du) = 2[utan”'u — 2 In(1 +u )]\/5

X [Example 5 in Section 7.1]
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STRATEGY FOR INTEGRATION

n T _ T _Az+B  Cz+D
Txt442243 (22 +3)(22+1) 22 +3 z2+1
z=(Az + B)(2® + 1) + (Cz + D)(2* + 3) = (Az® + B2® + Az + B) + (Cz’ + Dz’ + 3Cz + 3D)
=(A+0)2° +(B+ D)z’ + (A+3C)z+ (B+3D) =
A+C=0,B+D=0,A43C=1,B+3D=0 = A=-1,C=3% B=0,D=0.Thus,
1 1
x _ 3% 3%
/m4+4x2+3d$_/(x2+3+x2+1>dw
2 2 1 x2+1
:—iln(m +3)+iln(w +1)+C’ or Zln(x2+3)+0
7. 1 _ A Bz +C

@22 +4) z-2 214
1=A(z>+4)+ (Bz+C)(z —2) = (A+ B)z” + (C — 2B)z + (4A —20C). So0 = A+ B = C — 2B,
1=4A720’.SettingszgivesA:é = Bzféandszi.So

/%dx_/ s, 503 dm_;/ de 1 dea:_lf dr
(x—2)(z2+4) "~ x—2  x2+4 " 8) xz—2 16) z2+4 4] x2+44

=1lnjz -2/ - Lt In(z® +4) - tan ' (z/2) + C

-8

75. [sinzsin2zsin3z dz = [sinz - 2[cos(2z — 3z) — cos(2z + 3z)]dx = 5 [ (sinz cosz — sin z cos 5z) dw
=1 [sin2zdx — 1 [ & [sin(z + 5z) + sin(z — 5z)] dz

= —gcos2z — 7 [(sin6x — sin4z) dv = —3 cos 2z + 57 cos b6z — 15 cos 4w + C

77. Letu = 2*/% so that u? = 2 and du = %xl/Q dz = /rdr= %du. Then

N _/ % 2 _1 2 —1, 3/2
/1+x3dac— 1+u2du—3tan u+C’—3tan (z°’*)+C.

1

2zcoszdr = du=dx,v= gsin3m. Then

79. Letu = z, dv = sin

fxsinzxcos:cd:c = %:csin3:c— %sin?’:cda:: %xsing’x— %f(l—coszm)sinxdm
1 ., 1 9 y = cosz,
=-zsinx+ < [(1— d
3 +3/( v)dy {dy:—sinzdm
:%xsin3x+% —%y3—|—C:%xsing’x—i-%cosa:—%cos?’x—kc

81. The function y = 22e®” does have an elementary antiderivative, so we’ll use this fact to help evaluate the integral.
[(22* + l)ez2 dz = [ 222e™ dz + S/ e dr = fz(2zezz) dz + [ e da

2
u=2zx dv=2zxe" dx,

:xeﬁffezzderfezzdz [du—da: b= o } =z +C





